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Abstract. Under certain integr ability and geometric conditions, we 
prove division theorems for the exact sequences of holomorphic vector 
bundles and improve the results in the case of Koszul complex. By 
introducing a singular Hermitian structure on the trivial bundle, our 
results recover Skoda's division theorem for holomorphic functions on 
pseudo convex domains in complex Euclidean spaces. 
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Introduction 



A classical problem in complex and algebraic geometry is to characterize 
the image of global holomorphic sections under a sheaf-homomorphism. Let 
E, E be holomorphic vector bundles over a complex manifold, and <I> : — t- 
£^ be a holomorphic homomorphism, it is interesting to characterize the 
image of the induced homomorphism on cohomology groups 

H'i{M,nP{E)) Hi{M,nP{E')) 

under effective integrability and differential-geometric conditions. Skoda's 
Division theorem ([S72,S78,D82]) is one of the fundamental result on this 
kind of questions. Skoda's theorem has played important roles in many 
important work in algebraic geometry. Siu used Skoda's theorem to establish 
the deformation invariance of plurigenera and prove the finite generation of 
canonical ring of compact complex algebraic manifolds of general type([Siu 
98,00,04,05,07]). Skoda's theorem is an analogue of Hilbert's Nullstellensatz, 
but the remarkable feature of effectiveness makes it very powerful. In [B87, 
Laz99], the authors used Skoda's theorem to prove effective versions of the 
Nullstellensatz. 

The statement of Skoda's theorem is the following: Let be a pseu- 
doconvex domain in C^,ip G PSH(r2) (the set of plurisubharmonic func- 
tions on Q), gi gr G 0{Q) (the set of holomorphic functions on fi). 
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then for every / G 0{ft) with \f\'^\g\-^(i+i^+'^^e-'l'dV < +00, there exist 
holomorphic functions hi,-- - € 0{Q) such that / = ^Qihi holds on 
n and^|/i|2|5|-29(i+£)e-V'dy < l±i |/|2|c,|-%+9^+i)e-'^dI/ where|(/|=^ = 
|(7j|^ , = Y^i\hi^ ,q = min{n,r — 1} and e > is a constant. In 
[S78,D82], this theorem was generahzed to (generic) surjective homomor- 
phisms between holomorphic vector bundles by solving 9-equations. The 
surjectivity was used in two places in [S78] and [D82]. One is to construct 
a smooth splitting map which reduces the question under consideration to 
d- equations, another is to relate an arbitrary Hermitian structure on the 
quotient bundle to the quotient Hermitian structure induced by the surjec- 
tive homomorphism(actually this was also done by constructing a smooth 
splitting in a more general case) . A recent generalization of Skoda's theorem 
was given in [V08] for line bundles where the notion of Skoda triple was in- 
troduced, by choosing Skoda triples the author estabhshed various division 
theorems. 

In this paper, wc consider the question of establishing division theorems 
in more general settings. In section 4, we will prove division theorems for a 
generically exact sequence of holomorphic vector bundles (theorem 4.2, corol- 
laries 4.3, 4.4) and division theorems for a single homomorphism(theorem 
4.2 ). Moreover, in section 5, for the case of the Koszul complex which in- 
volves nonsurjective homomorphisms, we improve the result for general exact 
sequences (theorem 5.4 and corollary 5.5). 

As a corollary, we get a division theorem for Koszul complex over a pseu- 
doconvex domain in C"^. More precisely, let O be a domain in C'*, 51 • • • ,gr^ 
0(0), we define a sheaf-homomorphism for each 1 < ^ < r by setting 



■H-i= 



with fn...ie_i 



l<i/<r 



mi—te-i- 



By choosing appropriate Hermitian structure and the standard argument of 
weak compactness, we show that Skoda's theorem is exactly the special case 
where ^ = 1 of the following result (see corollary 5.7) about the homomor- 
phisms defined in this way. 

Let be a pseudoconvex domain in C^,gi - - - ,gr G 0{Q),'ip G PSH(r2) 
and e > a constant, then for every global section (/ii— i^_i)[j...j^ ^=1 € 
r(0, A^-^O®'') {l<i<r) satisfying 

E 9ufun-i,_, = and \f\^\g\-^(i+i^+'')e-^dV < +00, 

l<i/<r 
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there exists at least one (/in-i^)[j...j^=i S T{0,, A^Oq^) such that 

l<i^<r 

and 

where \gf = \h\'^ = E \hn-if, |/P = E |% 

ii<---<i^ ii<---<ii_i 

g = min{n, r — 1}. 

In the surjective case, we also give sufficient conditions for the solvability 
of division problem in matrix form. This is achieved by applying Skoda's 
original division theorem and a purely algebraic argument (see corollary 5.9). 
Our integrability conditions are comparable with those conditions appeared 
in [KT71]. 

As an example of the application of Spencer's trick, we could construct 
smooth lifting for an exact sequence and reduce the question to solving d- 
equations with additional restrictions, the main difficulty would be that it 
requires to look for solutions of 5-equations which take values in a subsheaf. 
Although we don't use this fact essentially in our proof of division theorems, 
we will sketch the rough ideal in section 4. 

Instead of solving 5-equations, we hope to implement Skoda's original 
estimate in general case. To this end, we ffist formulate an algebraic in- 
equality (lemma 2.2) which helps to complete square in the proof of our main 
estimate(lemma 3.2). To apply this algebraic lemma, we need to consider 
certain bundle homomorphisms, and the second fundamental form is quite 
useful which is different from that used in [S78] and [D82]. Since the bundle 
homomorphism is surjective in [S78] and [D82], the second fundamental form 
of the kernel is well defined, but in more general case the kernel is only a 
subsheaf which is no longer a subbundle. For this reason, we consider the 
second fundamental form of the line bundle spanned by the homomorphism 
itself inside the holomorphic bundle Hom(£^, E ) which is always well defined 
outside the subset of zeros of the bundle-homomorphism under considera- 
tion. To obtain our main estimate, we also use the twisted Bochner-Kodaira- 
Nakano formula which is quite natural and useful in geometry and analysis. 
Applications of this kind of technique could be found in many references, 
e.g. [OT],[Siu82],[Siu00],[Siu04] and [Dr08]. The discussion about the divi- 
sion problem of Koszul complex via the residue theory and its interesting 
apphcations could be found in [A04], [A06] and [AGIO]. 
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1. The Second Fundamental Form 

Let (M, w) be a Kahler manifold, {E,h),{E' ,h') Hermitian holomor- 
phic vector bundles over M, duncM = n, rankc-E = r, rankc-B = r . 
^ '■ Om{E) — > Om{E ) is a sheaf-homomorphism, given by a holomorphic 
section $ € T{M,}loin{E,E')). 

The homomorphism $ is assumed, for simplicity, to be nowhere zero on 
M in sections 1 and 2. 

We shall adopt the following convention on the range of indices. 

1 < a, j3< n,l < i,j < r,l < a,b < r . 

We also adhere to the summation convention that sum is performed over 
strictly increasing multi-indices. 

By using local coordinates zi, • • • ^Znoi M , holomorphic farmes {ei, • • • , e,-}, 
{e^, ■ ■ ■ , e^,} of and E respectively we write 

a; = ^f^g^-^dz^ Adz^,h = h-je* (g) i*, /i' = h'^-e* (g) e'*, 

and 

^ = ^iae'a^e*. (1) 

where {e*, • • • , e*} and {e'l, • • • , e'*,} arc dual frames of E* and E'* respec- 
tively. We also know by definition that the adjoint homomorphism of $ 
w.r.t. the Hermitian structures h and h is given by 

^*=Wah^'h'^^ej^eC (2) 

where {h'^) = {h{^)-^. 

It is convenient to make it a convention that we always work with normal 

coordinates and normal frames for a pointwise computation, i.e. we have 

under consideration. 

We define a smooth section B of A^'^ {}lom{E , E )) as the differentiation 
of i.e. for every X G T^'°M 

BX = vJ°°^(-^'-^')$ (3) 
where V^°™^^'^ ^ is the induced Chern connection on Hom(£^, 
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Let B* be the adjoint of B where B is viewed as a homomorphism from 
T^'^M to }loioa{E,E ). By definition, we know B* is a smooth section of 
Hom(Hom(i?, E ), T^'^M). A pointwise computation shows that the exterior 
differentiation of $* and B*aie related as follows 

= {B*e* ® e'J ® ® e^* (4) 

where b is the C-linear map of lowering indices by using the metric g^-^. 

Now we compute the derivatives up to second order of the function 99 = 
log in terms of the homomorphism B. Since $ is holomorphic, we have 

= e-^(5A,$) (5) 



dz, 



a 



gradO-V =11^11-^ (6) 

= e-n- m-' {Bi-^, ^B^^,^) + (s^, 

pa 



where ^^°™(-^'-^ ) 

/3a 



„Hom(B,B ) „Hom(£;,B ) 



is the curvature of the in- 



duced Chern connection on Yiom(E,E ). 

Let P be the orthonormal projection from Hom(£J, E ) onto the subbun- 
dle Spanc{$}^ C Hom(£;,£;'), we define 

B^ = PoB: T^'^M Spanc{$}^. (8) 

By definition B^ is the second fundamental form of the holomorphic line 
bundle Spanc{$} in Hom(£', ). 

Let L be a Hermitian holomorphic line bundle over M, {a} be a holo- 
morphic local frame of L, we denote its dual frame by {cr*}. For any v = 

vj^-dz A dzK ^ cr ^ Gi G A'^'^{L0E), we define the associated smooth section 
Ay of Hom(A'"''=-iTM L* E*, T^^^M) by setting 



aKi , 
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for 1 < A; < n, \K\ = k — 1, here we denote 

= dzi A • • • A dz„ and f = ^ A • • • A gf^. 

It is easy to see is well defined. Moreover, if {zi, ■ ■ ■ , Zn}, {ei, • • 
|e';^, • • • , e^ I and {a} are normal at the point x G M, then we have 



d d 
— ® 

dz &ZK 



a 



\),X) = {v,X^ Adz A dzK ® cr (gi Cj) 



for every X G Tx'^M and multi-index K with \K\ = k — 1. 

Multiplying both sides of the equality (7) by i^^iv-^^ and summing over 
a, l3,i and increasing multi-indices K with \K\ = k — 1 give the following 
expression of da&^fv^-v^^ which will be used to handle the curvature 
term in the Bochner-Kodaira-Nakano formula. 



(10) 



■9_ 



a 

9ZK 



i (7 



+ 



+{F- 



Hom(£;,£;') 



<) 



At, ( ^ (g) g|- (gio-* (gie* ) A„ ( ^ » :5=rT Cdo" 



a 



2. Algebraic Preliminaries 



In this section wc introduce the notion of trace which generalizes the usual 
conception of trace for linear transformations. By using the Cauchy-Schwarz 
inequality, we will establish a fundamental estimate for the generalized trace 
which plays an important role in our main estimate. In order to apply this in- 
equality, we also collect in this section the pointwise calculations concerning 
the smooth section TyB^^A G T{A^~^ ® L ® E' ) . Lemma 2.2 and lemma 2.3 
make up the major algebraic part of the proof of our main estimate. Its geo- 
metric ingredient is the twisted Bochner-Kodaira-Nakano formula(combined 
with the Morrey's trick) on a bounded domain which will be discussed in 
section 3. 



Definition2.1. Let U, F, W be hnear spaces, D G Hom(?7, V), p:V xU* ^ 
W a bilinear map. If U is finite-dimensional we define the trace TrpD G W 
of the linear map D w.r.t. p to be 
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Tr, D = J2p{Dui,u') (12) 

i 

where {ui} is a basis of U, C U* is its dual basis. 

The definition of TrpD is obviously independent of the choice of the basis 
{ui}. Now we establish the basic estimate for TrpD. 

Lemma2.2. If U, V, W are Hermitian spaces, D G Hom(C/, V) and p : V x 
U* \s & bilinear map, then we have 



||1VpL>||^ < v/rank(D) ||p|| ||L>|| . (13) 

Proof. By using the singular value decomposition theorem for a linear map 
between Hermitian spaces, one can always find an orthonormal basis {ui} of 
U such that 

{Dui, Duj)v = for i ^ j. 

Since Im(D) = Span^ji^Mj} and Du\,Du2, ■ ■ ■ are mutually perpendicular, 
we have 

tt{i I Dui 7^ 0} = dim(Im(i:>)) = rank(D). 

Let {u*} C U* be the dual basis of {uj}, then {ti*} forms a orthonormal 
basis of U*,i.e.{u^,u^) = dij. Consequently, by using the Cauchy-Schwarz 
inequality and the definition of \\p\\: 



\P\\ '■= max ||p(t;,a)||^ and ||D|| = J^WDuiWy, 



we get the desired estimate as follows 

2 



llTr Dll^ 



w 



i 

<{E\\p{Dui,u%^ 

< \\pf (EWDUiWy)^ 

i 
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= \\pf{ E \\DUi\\y)' 

< rank(D) ||pf \\Dui\\y 
= rank(D)||pf pf , 

which completes the proof. 

□ 

We will apply lemma 2.2 in two specific circumstances. In the following 
lemma 2.3, we will choose V = W 1^)17 and p : W U x U* ^ W to he the 
natural contraction between U and its dual space U* . If we identify U and 
U* via the C-antilinear isomorphism defined by the Hermitian structure on 
U, then we have explicitly 

Tr pD = {Dui, Wa (8) Ui)wm'u^a 

for orthonormal bases {n,} C U, {wa} C W. 

In section 5, we will consider U = A^V, and p : VxA^V* — >■ A^~^y*defined 
by the interior product, i.e. 

p{v,0 ■= 

Obviously, the Cauchy-Schwarz inequality shows that ||p(t;, < 
Iklly ll^*ll!7* ) we get therefore ||p|| < 1 in both of the cases mentioned above. 
Since we always work with specific bilinear map, the subscript p will be omit- 
ted without causing ambiguity. The importance of the inequality (13) is that 
the coefficient of the left hand side only depends on the rank of D. 

Now we proceed to prove the key identity involving TrB^A. Since the 
computations in this section are pointwise, as mentioned before, we will work 
with normal coordinates and normal frames at a given point. 

For a given v G ^"''^(L (g) 1 < A; < n, we define by (9) the associ- 
ated homomorphism Ay G Hom(A"'''=~^rM (g) L* (g) E*,T^'°M). Under the 
standard bundle isomorphism 

Hom(A"''=-^rM (g) L* (g) E*,}iom{E, E')) 
^Ilom(E*,A'''''-^M^L^E' ^E*), (14) 
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we could define TrB^Ay G r(A''''=~^M ®L®E') by (12) where the biHnear 
map p is given by the pairing between E and E* which is defined by the 
Hermitian structure on E. 



The main result of about TrB^A^ is recorded in the following formula. 

Lemma2.3. For any u in A"''^~^M ® L ® E' and v in A"'^M ^ E, we 
have 

(d^* Au,v)- grad°' Vj-y) = {u, TrB^A^) (15) 

where ip = log||<I>|| G T{M,'iiom{E,E')) and is defined by i; as de- 
scribed in (9), 1 < A; < n. 

Proof. Let u = u-j^^dz dz^ (8) cr ® G A"'*^~^M ® L ® E' , v = vj-dz (g) 
dzj (g) a Ci G A^-'^M (gi L (g) We know by the definition (12) and the 
identification (14) that 

TrB^Ay = {e*_iB^Ay, dz (g) dzx (g) cr (g) e*)dz (g) dzx ® <J ® 

= {B^Ay{§^ (g ^ (g) (7* (g e*), (g) e*)dz (g) (i^i^ (g a (g) e^, 
which implies that 

(u^TvB^Ay) = u-j^^{dz (g dzK <g cr (g e„, Tr5$A.y) 

d d 

= ^Kai^'a ^ elB^A^i— (g ^ (g a* ® e*)). (16) 

Prom the equalities (4) and (10), it follows that 
{d^* Au,v) = {{B*{e^0e*) f 0ei0e'*{u),v) 

= uj^^{{B*{e'a (E> e*)f Adz® d:zK ^ o" (g e*{el)ei,v) 
= u-j^^{{B*{e^ (g) e*))'' Adz® d:zK (g (g ei,v) 
= ^KaiB*ie, ® el), ^„(f ®^®a*® e*)) 

= u-Kai^'a ^ e*> BA,{^ _|_ a* (g e*)). (17) 

We also obtain form (6) that 

($*?i,gTad'^'V-i'^) 

= (-l)"($*u, ||$||-2 (fi^, $)t;^,d2 ® c7 ® e,) 

= ($*tt, ||$||"^ (^^«(^ afc ^* e*)' (g 0- (g) ej) 

= (u, {BA^if; J- a* ® e*), ^)dz ® dzxcr ® ^(e^)) 

= {u, ^(5A(f a* ® e*), ^^)dz ®dzK®a®el) 
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= '^Kai^'a ® e*,QBAy{— ® ^ ® a* ® e*)) (18) 

where Q is the orthonormal projection from E' E* onto the hne bundle 
Spanc{^>}. Now (15) follows from (16) (17) (18) and the definition (8) of 
5$, the proof is complete. 

□ 



3. The Main Estimate 

Notations. We introduce some notations which are needed to simphfy our 
statements. Given a measurable function on a Kahler manifold (M, a;), we 
define the associated signed measure by setting 

dV^ = iidV^ (19) 

where dK, = ^ is the volume form of oj. Let O be a domain in M. We 
denote by 

(■) 1 1 ■ I |r2,/i 

the L^-inner product and L^-norm defined by using the measure dV^. When 
jjL is nonnegative, the corresponding Hilbert space of square integrable (n, k)- 
forms on O valued va. L ® E and L E will be denoted respectively by 
L"^ L E, dV^) and L'^^^j^{Q,L0 E' ,dVfj,) respectively. The subscript /i 
in (•, will be dropped for fj, = 1. 

We recall the definition of m-tensor positivity. 

Definitions. 1. A Hermitian holomorphic vector bundle {E,h) is said to be 
m-tensor semi-positive(semi-negative) if the curvature F (of Chern connec- 
tion ) satisfies ^/^F{r|, rj) > 0(< 0) for every rj = Vai-^^ e T^'°M (g) E 
with rank(r7„j) < m where zi,--- ,Zn are holomorphic coordinates of M, 
{ei, • • • , Cr} is a holomorphic frame of E and m is a positive integer. In this 
case, we write E >m 0{E <m 0). 

It is easy to sec the above definition docs not depend on the choice of the 
holomorphic coordinates zi, - ■ ■ ,Zn or the holomorphic frame {ei, • • • , e^}. 
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Definitions. 2. Let £^ be a holomorphic vector bundle over M, Z ^ M he 
a subvariety, and /i be a Hermitian structure on -E|m\z- If for each z G Z, 
there exist a neighborhood [/ of z, a smooth frame {ei, • • • , e^} over ?7 and 



is semi-positive 



some constant k > such that the matrix 

for every w E U \ Z where /i^j := h{ei,ej) and is the Kronecker delta, 
then we call h a singular Hermitian structure on E which has singularities 
in Z. 

Let Q d M be a domain with smooth boundary, p G C°°(0) a defining 
function of $7, i.e. J7 is given by /? < and dp / on dCl. Q, is said to be 
pseudoconvcx if the Icvi form Lp is semi-positive on T^'^dfl. This condition 
is independent of the choice of the defining function. 



Now we are in the position to prove the main estimate: 



Lemma3.3. Let (Af, u) be a Kahler manifold, and let E he a Hermitian 
holomorphic vector bundle over M, L a Hermitian holomorphic line bundle 
over M. The Hermitian structures of these bundles may have singularity 
along $~^(0) and f2 d M \ $~^(0) is a pseudoconvex domain with smooth 
boundary. Assume that the following conditions hold on Q : 
1- E >m 0, m > min{n — A: -|- 1, r}, 1 < k < n; 

2. the curvature of Hom(£', E ) satisfies 

^pH^{E,E')^^ $) < for every X G T^'^M; 

3. the curvature of L satisfies 



^(^c(L) - dd<; - T-^d<; A dc^) > v^9(^ + S)ddip. 



Then the following estimate 



+ \\dv\ 



\u\ 



£(A« + A£-5) 

' (t+<5)I<1>P 



(20) 



holds for every 5-closed u G A"-'^~^{^,L ^ E) satisfying \(^*u\^ > A|$p|up 
a.e.(w.r.t.dK;) on Q and every v G E) D Dom(5*), where c(L) 

denotes the Chern form, q = max rank5$, <y3 = log < <j G C°°{n) and 

A, S, T are measurable functions on satisfying A, r > 0, -|- (5 > 0. All the 
weighted norms are described at the beginning of this section. 
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Proof. Since we work on a fixed domain, the subscript Q will be omitted 
in the following proof. We assume J7 is given by p < and dp ^ on 

where p G C°°(n). 

Step 1. From the condition 



2l.|2 



we get 



\^\-^^*u + d V 



2/iS* Il2 



+ PHIL 



= II V^+^|*r^^*^t|r + 2Re((^ + t)\^\-^^*u, d v) 

2 _ 2 

+ \/^+Td V +\\y/^dv\\ 

T 

2 

|$|-^$*n + F?; 



(21) 



> Ihlll^l-aA? + 

+ 2Re{<;e-'^<^*u,d''v) + 
Prom the condition that 

V G A^'''{U, L®E)r\ Dom(a*), 

we know 

grad°'^p_it; = on dO.. 

By using the twisted Bochner-Kodaira-Nakano formula and Morrey's trick, 
it follows from the pseudo convexity of that(see [Siu82], [SiuOO]) 

|2 



+ I 

+ ,{ [^F^^\ A^] V, v) - V^VM4^.v, 



+2Re(gradO'\j?;, d*v)dV^ + jg^ ^V^V^pi^^v, ^^v) 
+{dp A grad*''-'^?jt> — (^dp A d*v — (^d{graidS''^ pjv),v)dA 
= la ^1 + ^( [V^F^'^^, A^] V, v) - V^vM4^.v, 
+2Re(gradO'i^jt;, d*v)dV^ + /^^ ?V"V'5/9( jt;, ^^^v)dA 



+ 2Re(gTad°'^jt;, d^v)dV^, 



(22) 
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where F^®^ is the curvature of the Chern connection on E, A^^ is the 
dual Lefschetz operator of the Kahler form oj, and dA is the induced volume 
form on dVl. 

Step 2. In order to obtain pointwise the lower bound of the integrand 
of (22), we fix a point x e M and choose the local frames {ei, • • • , e^}, {a} 
of E and L respectively such that {ei,ej) = Sij, |(Tp = 1 at x. The following 
pointwise computations are carried out at this fixed point x. 

Set F^®f = {F^^^a0ei,a' 



a/3ij a/3 



Sj), then we have 



where v = v^-dz /\ dzi ® a ® e^, F^.^ 



^ a/3 " a/3 ^ a/3 ' 



and 



F^, F^ are the curvature tensors of the Hermitian bundles E and L. 
Since 

F >m 0, m > min{n — A; + 1, r} and = for a G -fC, 
we know by definition 3.1 

F^ V — V — > f) 

Prom the condition 

^/^{^c{L) - dd^ - T-^d<i A dq) > V^q{c; + 5)ddip, 
it follows that 

Substituting the above estimate into (22), we get 



+2Re(grad°'^^ j-u, d*v)dV^ 



Hom(£,£') 



g(^ + (5)|$|-2 



> 



■{F 

+r"^0a?9/3?v^jl^+ 2Re(grad°' ^jt;, d*v)dVui 

+ 2Re(grad°'^?jv,9%) 



^/q{s + S)B^A^ 



+ ||grad°'^^jw| 



(23) 



Step 3. To deal with the third term in (21), we first do integration by 
parts and then apply the Holder inequality with an appropriate parameter. 
Integration by parts yields that 
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= (e-^(-?9(/7 A + <j9$* Au + d<^A v) 
= -(dip A i;)|$|-2,^ + A u, i;)|$|-2^ 

+ (e~^^>*ti,grad°'\^j7;) 
= -(^>*n,grad°'Vj?^)|$|-2,; + A it, t;)|$|-2^ 

+ (e-^$*u,grad°'^jt;). (24) 

In the second equality, we used the condition du = 0. Now by substituting 
(15) in lemma 2.3 into (24), we have 

{e-'^<.^*u,d*v) = (e-'^$*«,grad°'^ji;) + {u,TyB^A^)\^-2^. (25) 
Lemma 2.2 applied to the homomorphism 



D = Bq,Ay G Hom(£;*, A^'^^M <^L<^E' <^E*) 



gives the following pointwisc estimate. 



,2 +\\V^TiB^Ay\ 



2|(u, TrB$74^)|$|-2^| < ll^ll ^2 V s -r <^ xij^<p^„|||^|_2 

2 



< W 



+ 



|$|-2 



(26) 



Since 

2Re(grad°'Vji;, + d*v) < 



+ ||grad°'^?_it;||^_i , 



from (21) (23) (25) (26), it follows that 

2 



$1 ^^*u + d V 



(27) 



This finishes the proof of the main estimate. 



□ 



4. A Division Theorem for Exact Sequences of Holomorphic Vector 
Bundles 

In this section we give a sufficient integrability condition for the exactness 
at the level of global holomorphic sections for exact sequences of holomorphic 
vector bundles. 
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We consider a complex of holomorphic vector bundles over M, 

E^E (28) 

i.e. $ G r(M, Horn (£;,£;')), G r(M, Hom(E', such that * o $ = 0. 
E,E ,E are assumed to be endowed with Hermitian structures. 
We define for any x £ M 

S{x) = min{((*** + $$*)^, OIC G 1^ = 1} (29) 

where $*,^'* are the adjoint of $ and ^ respectively w.r.t. the given Her- 
mitian structures. By definition, < € C(M) is the smallest eigenvalue 
of ^*^' + ^^*. Suppose the complex (28) is exact at x G M, let e E'^ such 
that (^*^ + $$*)^ = 0, then by pairing with ^ we get = 0, ^'^ = 0, 
i.e. ^ e Ker$* n Ker*= Im^-*- n Im$ which implies ^ = 0. Conversely, 
we assume + $$* is an isomorphism on E.j. for some x G M. Since 
Ker^' is invariant under ^*'^ + <|)<|)*, + also induces an isomor- 

phism on Ker\I'. Let ^ G Ker\I', there exists some rj G Ker^' such that 
^ = ($*^ + $$*)?7 = $$*77 G Im$. Now we obtain the following useful 
fact about the function S: 

The complex (28) is exact at x G M if and only if S{x) > 0. 

When the complex (28) is exact, (I)*(v]/*v]/ + $$*)"^lKcr^ is a smooth lifting 
of So it is possible to establish division theorems by solving a coupled 
system consisting of 

dg = a[$*(«'*^ + $$*)-!/] and <^>g = 

where / G T{E') satisfying = 0. If is a solution of this system, then 
h =^ $*(^'*^r + $$*)-!/ -g e T{E) and = /. If $ is surjective and E' 
is equipped with the quotient Hermitian structure then = 0, = Id^' , 
and the above system reduces to 

dg = 9($V) 

on the subbundle Ker$. This key observation played an important role in 
both [S78] and [D82]. The difficulty of this method for our case is that Ker$ 
is no longer a subbundle of E, so it amounts to solving 5-equations for so- 
lutions valued in a subsheaf, it seems that it is not easy to give sufficient 
conditions for the solvability of this system. 
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The following lemma reduces our main theorem to the estimate (20). It 
was first formulated in [S72], the present version is quoted from [V08]). 



Lemma4.1. Let H, Hq, Hi, H2 be Hilbert spaces, T : Hq H he a. bounded 
linear operator, Tg : Hi_i — > = 1,2) be linear, closed, densely defined 
operators such that T2 o Ti = 0, and let F C be a closed subspace such 
that T(KerTi) C F. Then for every f E F the following statements are 
equivalent 

1. there exists at least one u G KerTi and C > such that Tu = f, 
Mho < C. 

2. \{9J)h\^ < Cm\T*g + Tfv\\l^ + \\T2v\\l^) holds for 3.ny g e F,v e 
Dom(Ti*)nDom(T2). 

The complex (28) is said to be generically exact if it is exact outside a 
subset of measure zero(w.r.t.dV^) of M. 

Theorem4.2. Let (M, oj) be a Kahler manifold and let E, E' , E" be Hermi- 
tian holomorphic vector bundles over M, L a Hermitian line bundle over M. 

All the Hermitian structures may have singularities in a subvariety Z ^ M 
and $~^(0) C Z. Suppose that (28) is generically exact over M, M \ Z is 
weakly pseudoconvex and that the following conditions hold on M\Z: 
1- E >m 0,m> min{n — A; + 1, r}, 1 < A; < n; 

2. the curvature of Hom(£', E ) satisfies 

.pUom{E,E')^^ $) < for every X G T^'^M; 

3. the curvature of L satisfies 

^/^{<ic{L) - dd(, - T-^d(, A d^) > V^qi'i + 5)ddip. 

Then for every 9-closed (n, k — l)-form / which is valued in L ® E' with 
= and ll/ll < +00, there exists a 5-closed (n,k — l)-form 

h valued m. L® E such that = f and 

\\h\\i<\\f\\ , (30) 

where q = max rankB$,(^ = log||$||, 6 is the function defined by (29), 
< r G C°°{M) and (5 is a measurable function on M satisfying S{c; + S) > 
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Proof. Step 1. Let 4> ^ C°°{M \ Z) be a plurisubharmonic exhaustion 
function on M \ Z. For any t >0, set = {x e M \ Z\(j){x) < t}. We know 
by definition nt(^M\Z and (jnt = M\Z. 

Apart from a subset of M in i which has measure zero, is a pseudoconvex 
domain with smooth boundary, so our main estimate holds on such flf If 
we could find a 5-closed section, say ht, solving the equation ^ht = f on Ut 
with the estimate 



By setting ht to be zero outside Qf, we extend hf to be an element of 
k-i(^^ ^ E,dV^_). The above estimate allows us to apply the com- 

' ';+T 

pactness argument to produce on M a (n, fc — l)-form h valued in L®E as the 

^ h-^ W") ^ i^,uv 

_ T+r 

dh = Q outside Z. (31) 



weak limit of {ht} in ^_^(M, L® dV i ) which satisfies the equation 



and the following inequality 

\\h\\^ < lim \\ht\\^ 1 < ll/ll ,+6 

By using the resulting L^-estimate and definition 3.2, we know h has Lf^^ 
(w.r.t the Lebesgue measure on the coordinate chart) coefficients under holo- 
morphic frames over holomorphic coordinate charts. Since Z is an analytic 
subset of M, the extension lemma(D82, lemma 6.9) shows that dh = holds 
on the whole manifold M. Consequently, ^h = / on M follows from solving 
^ht = f on Qt with a L^-estimate for each t > 0. 

Step 2. In order to make use of lemma 4.1, we introduce the following 
Hilbert spaces and densely defined operators. 

^0 = Llk-ii^^ L®E, dV^), H = Llk-ii^, L ® E' ,dV\^\-2), 

Hi = Ll f^in, L®E, dV^), H2 = Ll k+ii^, L®E, dV^), 

T = ^oy/^+T :Ho^ H, Ti=doy/^+T : Ho^ Hi, 

T2 = ^od:Hi^ H2, 

where M \ Z is a domain satisfying conditions in lemma 3.3. Then 

T : Ho ^ H is bounded(note that Q ^ M \ Z ), Te : Hi_i Hi{i = 1, 2) 
are closed, densely defined and satisfy T20T1 = 0. It is easy to see that the 
adjoint of T is given by 
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T*u = x/?Tr|$|-2$*'u,-u G H. 
Similarly, from <<;,t ^ C°°{M) we know 



DomTf = Dom(9*),Domr2 = Dom(5) 



and 



Define 



T*v = ^/^TtB v,ve Dom(r*). 



F = {uG H\^u = 0,du = 0}, 

it is easy to see that T(Kerri) C F. Since ^' and d are both closed operators, 
F is a closed subspace of H. 

By the definition of f , we know the following inequality 



(32) 



holds a.e.^w.r.t.dVi^) on Q for every u £ F. 

Let / G A'^'^~^ {L iSi E ) which is 5-closed and satisfies = then we know 
by definition f G F. Since f (<; + (5) > we have 

From the a priori estimate (20) and the density lemma, we obtain the fol- 
lowing inequality 
\{uJ)h\'< 



< 



<r+a 



\U\\ ^(xS+M-^) 



( ^/^+T\^\-^^*u + ^/^+7^*v 



2 ,,- ,,2 

+ at; ) 



I ' , (||r*^ + TM|2 + iiTsHI?,,) 

holds for any u e F,v e Dom(rj*) n Dom(r2). Note that the condition 
+ > is needed for the first inequality. Hence we know by lemma 5.1 
that there exist at least one h G KerTi such that 



Th =/and 

Letting h = + r/i', we have 



< 



Ho 
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^h = f, \\h\\\ <\\f f 



Replacing A by |$| ^£ completes the proof. 

□ 

Remarks, (i) If M is weakly pseudoconvex and Z = r]^^{0) ^ M where r] 
is a holomorphic function on M, then M \ Z is weakly pseudoconvex. Let 
ip G C°°(M) be a plurisubharmonic exhaustion function on M. It is easy 
to see that cj) := + \r]\~^ is a plurisubharmonic exhaustion function on 
M \ Z. (ii) If M is a Stein manifold (or more generally, an essentially Stein 
manifold, see [V08]) and Z is an analytic hypersurface, then M\Z is a Stein 
manifold(or an essentially Stein manifold), (iii) When $ is not identically 
zero, one can always find an analytic hypersurface Z such that $~^(0) C Z. 



If we choose ? to be a positive constant, the third condition in theorem 
4.2 will be independent of the function r. By this observation, we have the 
following corollary. 

Corollary4.3. If the condition 3 in theorem 4.2 is replaced by 

V^c{L) > ^/^q{\^fS-'^ + l)ddip, (33) 
then for every 5-closed (n, k — l)-form / which is valued in L (g) with 

^'/ = Oand 11/11 g+|^|2 <+oo 

there is a (9-closed (n, k — l)-form h valued in L i^i E such that = f and 
the following estimate holds 

ll^ll<ll/ll£±ffli- (34) 

Proof. Set 

■J = l,r = constant > 0,6 = 
it is easy to see that £{c^ + S) > 

Hence, we get from theorem 4.2 that for every 5-closed (n, k — l)-form / 
which is valued in L <^ E and satisfies 

*/ = 0, 11/11 = 11/11^ < +00, 

there is at least a 9-closed (n, k — l)-form hr valued in L(Si E such that 
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^hr = f and ||/ir||_^ < ||/|| .+.5 = ||/||£+^ ■ 
Prom the estimate given above, it follows that 

\\hr\\ = V^+rWhrW^ < \/l 11/11 f+|*|2 . 

The above estimate shows that {/ir}i>T>o bounded in L'^f^_^{M,L (8) 
E,dVoj), so we get a weak limit h of {hr}T>o in -^^ fc_i(Af, -^^<^-E, (iK;) when 
r — >■ 0. It is easy to see that the resulting section h is 5-closed on M and 

= /. The L^-estimate of hr implies that 

\\h\\ < lim \\hr\\ 

r->-0 

< limVl +T 11/11 g+i^p 
r-)-0 f2 

= ||/||£+l*l£ 
which completes the proof of corollary 4.3. 

□ 

Remarks, (i) The condition (p^^(^'^ ^$,$) < is needed to handle the 
second term in (11). We recall that the curvature of the Chern connection of 
a Hermitian holomorphic vector bundle is semi-negative in the sense of Grif- 
fiths(Nakano) if and only if it is l-tensor(min{n, r}-tensor) semi-negative. 

Hence a sufficient condition for (p^^(^'^ ^$,$) < is given by(since we 

always assume E >^ for some positive integer m): E is semi-negative in 
the sense of Griffiths. 

(ii) In particular, if the underlying manifold M is assumed to be strongly 
pseudoconvex(corollary 4.5 (ii)) then one can always endow the holomorphic 
vector bundles over M, E and E with Hermitian structures such that E is 
semi-positive in the sense of Nakano and E is semi-negative in the sense of 
Griffiths. So our curvature conditions 1 and 2 are satisfied automatically by 
such Hermitian structures. 

(iii) For these homomorphisms in the Koszul complex, due to the identity 

(50), the condition (F^J^^^'^ $) < holds provided the E is semi- 
positive in sense of Griffiths. The Koszul complex provides a series of homo- 
morphisms which are not generically surjective. The generically surjective 
case has been extensively investigated in [S78] and [D82]. 
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We can derive from corollary 4.3 the following results. 

Corollary4.4. Results in corollary 4.3 hold with the condition 2 assumed 
there replaced by the condition that E is semi-negative in the sense of 
Griffiths. 

Corollary4.5. Besides the conditions in corollary 4.3, we also assume that 
(28) is exact on the whole manifold M. Then we have 

(i) For every 9-closcd (n, k — l)-form / which is valued in L E and 
locally square-intcgrable on M, if "f/ = then there exists a 3-closed 
h G L'^j^_^{M,L (gi E,dVuj) such that $/i = /. In particular, if E is semi- 
positive in the sense of Nakano, then the induced sequence on global section 

r(M, Km®L®E)^ r(M, Km®L®e')^ r(M, Km®L® e") (35) 
is exact where Km is the canonical bundle of M. 

Moreover, if $ is surjective then it induces a surjective homomorphism on 
cohomology groups: 

$ : /7"'^-i(M, L0E)^ H'''^-^{M, L^E'). (36) 

(ii) If (M, cj) is strongly pseudoconvex and <I> G T{M,]iom{E, E')) is nonva- 
nishing then (i) holds without assuming the curvature conditions 1-3. 

Proof. The proof consisting of using appropriate weight functions to modify 
the given Hermitian structure on L to control the L^-norm and curvature, 
(i) Let < G PSH(M) n C°°(M) be an exhaustion function on M. Set 
nt = {z e M\(f){z) <t},teR then m M and UO^ = M. Since (28) is 

assumed to be exact on M, then we have £{x) > for every x G M. Given 
we can define a positive number for each £ = 0,1,2 ■■ ■ 

6e = sup{ ^^-)+g^-)l> G \ ne} J^^^^^^^ \f\^dV^ G [0, +oo). 

We choose an increasing convex function rj G C°°(M) such that 

ri{e) > log{2^5e) for ^ = 0, 1, 2, • • • (37) 
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and set ij; = r/o^. Then V e PSH(M) n C°°(M) and e-'^/iL defines a singular 
Hermitian structure on the line bundle L where we denote by the given 
Hermitian structure on L. 

It is easy to see that on M \ <J>^^(0) the curvature of e~^hL satisfies 

V^c(L, e-^hL) = V^iddij + c{L, hi) > + l)dd(p. 

By the construction of ip, we get the following estimate of the L^-norm of / 
where the left hand side is computed by using the new Hermitian structure 
e-^hL on L. 



(37) ^ ^ 

< ^2-^ = 2 < +00. (38) 

Prom (38) and corollary 4.3, we get a 5-closed section h G L'^j^_i{M,L (g) 
E,dVoj) such that = f provided df = 0. Consequently, by using the De 
Rham-Weil isomorphism theorem, we know that if ^' = then the induced 
homomorphism ^ : i7"''^^^(M, L ® E) ^ H"-'^~^{M, L®E') is surjective. 
In the case of = 1, our condition 1 becomes that E is nonnegative in the 
sense of Nakano. Prom the elhpticity of d ( also due to the condition that 
A; = 1), it follows that the induced sequence (35) is still exact. 

(ii) As M is strongly pseudoconvex, one can modify the given Hermitian 
structures for E and E such that E is semi-positive in the of Nakano and E 
is semi-negative in the sense of Griffiths. With such Hermitian structures, 
we get the desired curvature conditions 1 and 2. Next, we multiply the 
given Hermitian structure on L by certain weight to make the new Hermitian 
structure satisfy condition 3. Let G C°°(M) be a strictly plurisubharmonic 
exhaustion function of M. 

Set 

\{x) :=the smallest eigenvalue of ^/^^^(f){x) w.r.t. the metric oj, 
fi{x) :=the smallest eigenvalue of ■\/—lc{L, hL){x) w.r.t. the metric oj, 
A.{x) := the largest eigenvalue of ^y—l^^ip{x) w.r.t. the metric oj, 
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then it is easy to see that A, /x, A G C{M) and 

\J—ldd(f) > Xuj, \/—lc{L, hi) > fj,LL>, ^—Iddip < Aw. 

Since cp is strictly plurisubharmonic, we know A > on M. We can 

therefore define a function cr : M — > M as follows 

,q(m'^(x)S(x)-^ + l)A(x)- n(x), 

A[X) 

For this o"(t), one can always find a x € C°°[0, +00) such that 

x'{t) > max{a(t), 0}, x" (t) >0,t>0. (40) 

Now endow the line bundle L with a new Hermitian structure e~'^^hL 
where ^/^i = x ° 0- It is obvious that 

V=Tc(L,e-^i/iL) = V^iddiP, +_c{L, hi)) 

= \f^{x o (f)dd(i) + X ° 4>d4> Ad(j) + c{L, hL)) 

m , , , , 

> X o ^ \J -\c{L,hL) 
A>0 

> o o (^Xlo + \/— lc(L, hi) 

(39) 

> (g(|$|2f-i + l)A-/x)a; + V^c(L,/il) 

> ^^^q{\^'^E-^ + l)^^^?. (41) 

Conclusion (ii) follows from (41) and conclusion (i), this finishes the proof 
of corollary 4.5. 

□ 

Given a holomorphic section $ G r(M, Horn (£?, £?')), there is the follow- 
ing exact sequence of sheaves over M 

0{E) 0{E') 0{E')/lm^ ^ 

where Im<& is the image of the induced sheaf-homomorphism $ : 0{E) 
0{E ). Generally, the quotient sheaf 0{E )/Im<I> is never locally free, so this 
case does not fit into the general setting established by theorem 4.2, corollary 
4.3 and corollary 4.4. 

However we can modify definition of the function £ to make the same 
argument works for this situation. To this end, we have to introduce the 
following function £1 (instead of £) by using a single homomorphism We 
define for any x e M, 

£i{x) = min{((^** + $$*)^,0I^ G E'„ |^| = 1} (29)' 
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where is the orthogonal projection from E'^ onto the subspace ^(Ex)'^. 
It is obvious that £i is positive everywhere. From the fact that |^^| = 
inf{|^ + $(77)1 |ry G E^} for every ^ £ E^ and our definition (29) we know the 
function £^1 is upper semi-continuous and therefore measurable. 

Similar to theorem 4.2, we have the following result about the division 
problem for a single holomorphic homomorphism. 

Theorem4.2' . Let (M, u) be a Kahler manifold and let E, E' , E" be Hermi- 
tian holomorphic vector bundles over M, L a Hermitian line bundle over M. 
All the Hermitian structures may have singularities in a subvariety Z ^ M 
and $~^(0) C Z. Suppose that M \ Z is weakly pseudoconvex and that the 
following conditions hold on M\ Z: 

1. E >„i 0, m > min{n — A; + 1, r}, 1 < k < n; 

2. the curvature of B.om.{E,E ) satisfies 

^^h^(e,b')^^ $) < for every X G T^'^M; 

3. the curvature of L satisfies 

V^(cc(L) - dd^ - T-^d<i A dq) > V^q{c^ + 5)ddip. 

Then for every 5-closed (ra, k — l)-form / which is valued m. L ® E' and 
satisfies 

f{x) G (^{Ex) for a.e. M and ||/|| ^+.5 < +00, 

there exists a 5-closed (n, k — l)-form h valued va. L ® E such that = f 
and < ||/|| i+6 , where q = maxrankS$,<^ = log||$||^, £1 

■i+r M\Z 

is the function defined by (29) , < <j, r € C°°(M) and (5 is a measurable 
function on M satisfying £i{<; + 6) > ||$|p<j. 

Remark. The results parallel to corollaries 4.3-4.4 can be easily derived 
from theorem 4.2 . Since the function £1 defined by (29) is only upper semi- 
continuous, it can't be locally bounded from below by positive constants. So 
we don't have the result parallel to corollary 4.5. 
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5. Applications to Koszul Complex 

In this section we apply results obtained in section 4 to the special case of 
generalized Koszul complex. 

Let M be a complex manifold and -E be a holomorphic vector bundle 
of rank r over M. The Koszul complex associated to a section s G T{E*) is 
defined as follows 

detE ^ A^'-^E ...%Om^0 (42) 
where the boundary operators are given by the interior product 

dp = sj,l <p<r. (43) 

It forms a complex since we have dp^i o dp = for 1 < p < r. 

In particular, if we set E = T*^'^M and s = X, a holomorphic vector 
field on M, then the complex (42) is given by 

Km ^ A"-ir*i'OM ^ > T*^fiM ^ Om ^ 

which recovers the usual notion of the Koszul complex associated to a vector 
field X on a complex manifold M. 

As before, in order to handle the curvature term in the Bochner formula 
we consider the following complex associated to (42): 

L^detE^L^A'-^E"^^-^' ■■■^L^O, 

where L is a holomorphic line bundle over M. 

We start with improving the estimate in lemma 3.3 for 

$ = sj G r{M,}lom{APE, AP-^E) 

1 < p < r. In the following discussion, E and L are endowed with Hermi- 
tian structures. Let {ei, • • • , e^} be a local holomorphic frame of E and let 
{e*, • • • , e*} be its dual frame. We conclude form the definition 

$* = eA 

where 

6 = gih'^ej and s = gie*. (44) 
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By choosing a local frame {ei, • • • , e^} normal at a given point x G M\s ^(0) 
such that 

then we get 

m\H^)= E |$(enA---Ae,Jp 

ii<---<ip 

= J2 II«K2A---Aeij2= ( ' (45) 
Since for any ^ G A^'^E^, x G M, we have 

so the function £^(in (29)) is given by 

£{x) = |s(x)p. 

This implies that the complex (42) is exact at a; G M if and only if s{x) ^ 0. 

We will denote by Bg the second fundamental form of the line bundle in 
E* generated by s over M \ s~^(0), i.e. 

Bs{X) = (Vf%)^ (46) 

where V^* is the Chern connection on E*, X G T^'^M, x e M \ s~^{0). 

LemmaS.l. We have the following relations between s and the associated 
homomorphism $ = sj: 

= Bs^ (47) 

\\B^A\\^={^J_^\\BsA\\^ (48) 
TrS^yl = TrS^yl (49) 
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where X G ri'°M, x G M \ s"^ (0) , G Hom( A^-'^-^TM L* (g) , T^'^M) , 
TrSs^ is defined by (12) with p being the interior product and is the 
curvature of the induced Chern connection on E* ,1 < k < n. 



Proof. We first choose holomorphic coordinates and frames {zi,--- ,Zn}, 
{ei, ■ ■ ■ , e^} , {cr} which are normal at a given point x E M \ s~-^(0). 
For every G /^^E^ we have by the definition of B 



X 



V 



Combining this equahty with (45) and using the assumption that {ei, ■ 
is normal at x, we obtain 
{B{X),^) = {B{X) 



= (V;|'sj(ei^ A • • • A eip),sj(ei^ A • • • A Cj, 

= ^T^^^^Mx A • • • A eij),sj(ei, A • • 
= X(|sXen A---Ae,J|2) 

= x(m = (^:jx(H2). 

Now it follows from definition (8) that 
B^{X).^ = B{X).^-{B{X\^)^ 



)) 

A e^J) 



(V 



S J 



(V^^.-(^|^.),^ = i?,(X).e. 
For increasing multi-indices K, I with \K\ = A; — 1, |/| = p, we denote Xj^j 
^(^ (g) ^ (g) (7* (g) e* A • • • A e*J G ri'°M, then we get from (47) that 

\B^Af = 5*^(^0 J- 

B^{Xj^j)\\ 



a* 



Ae* 



B^{X- 



(47) 



X/) • (eji A ■ ■ ■ A e^g 



= L-i) \\Bs{Xj,,) 



A 



p-l) 



By (47) and the definition (12) , wc have 
TrB^A = {B^A{£ ® 4^ ® a* 



4 A 



Ae* 



eji A 



Ae 



'eJi A 



A e* )(i2: (g) <T (g) A • • • A e 



= (S$(Xji...j^) • (eji A • • • A CjJ, A • • • A e^^, J 



•dz (g) o" (g e^^ A • • • A e 



(47) 



- (i?.(x,, 

= {Bs{Xi^ 



,) j(ei, A • • • A ejj, A • • • A e^-^. J 



cr (g> A 



A e 



Jj(ciz (g a (gi A • • • A Cj ) 
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^{dz (g) (T (g) Cj^ A • • • A Cip) 
= TiBsA. 

We denote by F,F^ the curvatures of E and A^E respectively (1 < p < r). 
^ = ^ S ^h-ipeii A • • • A Cjp, X = Xa-^. In all of the computa- 

l<il ,ip<r 

tions involving ^ during the proof of the equality (50), sum is always taken 
over all repeated indices(not only over strictly increasing multi-indices). We 
know by definition that 

l<a<p 



l<a<p 

^ ^ X] ^aM-^°'^jiv--ia---ip^^^ui---ia---ip- ^^^'> 



l<a<p 



where ia means omitting the index ia- Similarly, we have 



— Yl ^a^ij-^adk^jkh-fa-ip-i-^l^dlCilh-ra-ip-i- 
l<a<p— 1 

On the other hand, we also have 

~ (p-iy,9k{E^j^^)kii---ip-i9l^lii—ip-i 

~ {p-iy. ^a'^ki-^<^SkCiii---ip-igi^lii---ip-i 

+ X] ^a'^iaj^<^SkCkii-{j)a-ip-i-^l39l^lii---ip-i 

l<a<p— 1 

~ (j,-l)!-^a^fei"^a5'feCMi— ip-i^/35/6ii---ip-i 

l<a<p— 1 

= ■^cipkl-^'^9kiiii---ip-\X^gi^ii^...i^_^ 

+ S ^a~Pij-^'^9k^ikii---ia--dp-i-^l39lim^...i^...ip.^- 

l<a<p— 1 

Form the last two equalities, it follows that 



■ {p-iy-^a^ki-^Cidk^in-ip-i 



■X^giiin-ip-i 

which implies 

(F^7^"^^'"^"^^)$,$)= E (F^?"^^'"^"^^^^-e,A...Ae., 

n<---<ip 
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The proof is complete. 

□ 

Consequently, we obtain the following identities. 

Lemma5.2. For any u G A"''^'"^Af (g) L A^^'^E and v G A^'^^'Af (g) L (gi A^'E^, 
1 < < n, we have the following pointwise identities outside s~^(0). 

da&^v^iv^ = - e-^{F^_-^s, s). (52) 

(d^* Au,v)- {^*u, grad°' Vj^^) = {u, TrBsA) (53) 

where ip = log|sp, Ay is defined by (9), $ = sj, v = v^jdz®dzK®(^®e.iei = 
A • • • A ei^, and Xj^- = A„(f ® ^ ® a* ® e*). 

Proof. Let ip = log \^\'^-, then we know, by (45), = ^ + log(p^-^). 
Prom the identity (11), it follows that 

= e-nWB^Ayf - (F|'°°gi^''$,$)] 
(53) follows from (15) (45) (47). The proof is finished. 

□ 

Now we improve, for $ = sj, the main estimate obtained in section 3. 

Lemma5.3. Let (M, uj) be a Kahler manifold and let be a Hermitian 
holomorphic vector bundle over M, L a Hermitian holomorphic line bundle 
over M. J7 M \ s~^(0) is a pseudoconvex domain with smooth boundary. 
Suppose that the following conditions hold on fi. 

1- E >rn 0,m > min{n — k + l,r — p + < k < n,l < p < r; 

2. the curvature of L satisfies 

^/^{^c{L) - ddq - T-^d^ A 5?) > V^q{<i + 8)ddi). 
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Then the following estimate 



\s\-^OAu + d 



\u\ 



(54) 



holds for every 9-closed u G A"'''' ^(i7,L Cg) ^E) satisfying sju = and 
every v G y4"'^(f^,L O A^^;) n Dom((9*), where 9 is defined in (44), = 
log|s|^,g = min{n,r — l},n = dime M,r = rankc-E, < <j G C°°(f2) and 
S, T are measurable functions on Q, satisfying t > 0,<; + 6 > 0. 



Proof. The proof is essentially the same as that of lemma 3.3, we sketch it 
with an emphasis on the modifications. 
By the following identity 

= {9 Au,9 Au) = {s^e A u, u) 



(sj6' Au + a sju, u) = {\s\'^u, u) = |sp|up, 



we obtain 
l.h.s.of (54)= 



s\ ^(^*u + d V 



\Mis\-^,+ 



^ II— ii2 

+ 

2 



\s\ '^^*u + d*v 



+2Re(?e-'^$*u, d* v) + | ^d* v + 
By direct computation, we have 



--vt. 



the last inequality follows from the condition E 0, m > min{n — A:+ 1, r — 
p+ 1}. Now we get by using the twisted Bochner-Kodaira-Nakano formula 
and Morrey's trick(to handle the boundary term) 



l.h.s.of (54)> \\u\ 



+ 



+2Re(?e-^$*M + grad^'^jv, d*v)dV^ 



(51) 
> M 



■V- 



7-V«V\(^..,J- 



+2Re{qe'^^*u + gradO'^j-y, d*v)dV^ 
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> \\u\\ 



|s|-2? + 



\s\ + d V 



+2Re(<?e-'^$*M + grad°'^?jv, d*v)dV^ 



(52) 



|2 

,0,1 



+ 



+ ||grad^''?ji;||^_i + 2Re(<je-'''$*« + grad^'^jv, 5 i;) (55) 
Integration by parts yields 

2Re(?e-'^$*'U, 5%) = 2Re(e-^$*M, grad°'^?jt;) + 2Re(^$* A u, v)i,\-2^ 
-2Re(<I>*ti, grad°' V-iw)|s|-2^ 
2Re(e-^$*n,grad°'^j7;) + 2Re(M,Tr53A^)|^|-2^ 
> 2Re(e-^$*n,grad°'^cjt;) 



2 



V?nTr5,yl^ 
By definition, we have 

mnkBsAy < rankSs < min{n, r — 1}. 
It follows from (13) (55) and (56) that 



(56) 



l.h.s.of (55)> \\u\ r ,5 + 



s\ ^^*u + d V 



+ ||grad°'^ji;|| _i + 2Re(grad°'^ju, e-^$*u + d*v) 



\ II 11^ 
> \\u\\ 

(^+'S)NP' 

which completes the proof. 



□ 



By the standard functional argument used in the proof of theorem 4.2 
with the estimate (20) replaced by the improved one (54), we obtain the 
main result of this section: 



Theorems. 4. Let (M, u) be a Kiiler manifold and let be a Hermitian 
holomorphic vector bundle over M, L a line bundle over M, s G T{E*). All 
the Hermitian structures may have singularities in a subvariety Z ^ M . 
We define the Koszul complex associated to s by (42) (43). Assume that 
s~^(0) C Z, and that M \ Z is weakly pseudoconvex and that the following 
conditions hold on M \ Z: 

1- E >jn 0, m > min{n — A; + l,r — p+l},l<A;<n, l<p<n; 

2. the curvature of L satisfies 



31 



^/^{^c{L) - dd<, - T-^d<: A d^) > + S)ddip. 

Then for any 5-closed (n, k — l)-form / which is valued in L (X) K^^^E, if 
dp-if = and ||.f|| < +00 then there is at least one (^-closed (n, k — 1)- 

form h valued in L (g) A^E such that dph = f and the following estimate 
holds 

l|/^IU< 11/11^, (57) 

where 1 < p < r, <^ = log |s| = min{n,r — l},n = dime M,r = rankc-E, 
< <?,r G C°°(M) and (5 > is a measurable function on M. 

We can derive from theorem 5.4 the next result by repeating the argu- 
ment used in the proof of corollary 4.3. 

Corollary5.5. Let {AI,oj) be a Kahler manifold and let be a Hermitian 
holomorphic vector bundle over M, L a, line bundle over M, s G T{E*). All 
the Hermitian structures may have singularities in a subvariety Z M . 
We define the Koszul complex associated to s by (42) (43). Assume that 
s~^(0) C Z, and that M \ Z is weakly pseudoconvex and the following 
conditions hold on M \ Z: 

1- E >m 0,m > min{n — k + l,r — p + < k < n,l < p < r; 

2. the curvature of L satisfies \/—lc{L) > \/— + £)ddip. 
Then for any 3-closed (n, k — l)-form / valued in L ® A^~^E, if dp-if = 
and 11/11 15|-2 < +00 then there is at least one 5-closed {n,k — l)-form h 
valued in L (g) A^E such that dph = f with the estimate 

\\hf<^^\\f\\l^-., (58) 

where 1 < p < r,(p = log , q = minjra, r — l},n = dime M, r = rank^-E 
and e is a positive constant. 

As a consequence of corollary 4.5, we also have the following sufficient con- 
dition for the exactness of the induced sequence of global sections. 

Corollary5.6. Let (M, oj) be a weakly pseudoconvex Kahler manifold and 

let £■ be a Hermitian holomorphic vector bundle over M, L a line bundle 
over M. Assume that s € r(E*) is a nonvanishing section and that 

L is semi-positive in the sense of Nakano; 

2. the curvature of L satisfies 
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-v/^c(L) > ^/^q{l + £)dd(p for some positive constant e. 
Then the induced sequence on global sections 

V{Km ®L® AeiE) ^ r{KM A^'^E) ■ ■ ■ % T{Km ^ L) ^ 

is exact. 

Now we discuss the special case of Koszul complex over a domain CI C C". 
Let 51 • • • ,gr & the Koszul complex associated to g = {gi ■ ■ ■ , gr) 

is given by 

Q®r /^r-l^er <ir^i . . . ff^ ^Q®r ^Q^Q (59) 

where the boundary operators are defined hy dp = gA,l < p < r. 

It is easy to see that for every h = (^ii---jp)[j...ip=i € r(r2, A^O®'')(i.e. hi-^...i^ G 

0{Q) and hi-^..^^ is skew symmetric in ii, • • • , ip),we have 

dph = {h,...^^_X■■■^, ,=iGr(f^,Af-io®0 with/,,..,^_, = E guKn-.,.,. 

l<u<r 

Given a measurable function ^ on J7 which is locally bounded from above, 
we can define the following space 

where \h\^ := \K-ip?- This space will be denoted by ^^(A^'O®^ 0), 

?i<---<ip 

1 < p < r. Since the measurable function (j) is locally bounded from above, 
we know that A^{/\P0®'^ , (p) is a Hilbert space. 

As a consequence of corollary 5.5, it follows that 

Corollary5.7. Suppose is a pseudoconvex domain inC"','0 G PSH(1]), 
51 ■ ■ ■ ,gr £ ^{^), 1 < P < and e > is a constant. For every cycle / of 
the Koszul complex of holomorphic functions, if / G Aq(A^~^0®^, -0 + {q + 
qe+1) log \g\) , then there exists at least one holomorphic h G A^^A'^O®'^ , tp+ 
q{l + £)log l^l^) such that / is the image of h under the boundary map and 

f \hf\g\-^i^'+'^e-^dV <^ f |/|2|5|-2(9+?^+i)e-^dF. (60) 
Jn ^ Jn 
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where 1^1 = \9i?^(l = min{ra,r - 1}. 

Particularly, if 1^1 ^ holds on J7 then (59) induces an exact sequence 
on global sections: 

r{n, A'-o®'-) % r{n, a'-io®^ '^^^ . . . ^ r(Q, ao®^ ^ r(i7, o) ^ o. 

Proof. Step 1. We first give a proof in the case of -0 G PSH(ri) n C°°(ri). 
Let E = 0®'',L = 0,s = {gi,--- ,9r) G r{E*). We define the Hermitian 
structure on E to be ho, the standard Hermitian structure on O®'^ induced 
form C, so (E, ho) is fiat. 
Let £ > 0, then the following function 

1 

defines a Hermitian structure on L which has singularity in Z := ^^"''^(0) 
(without loss of generality, we assume gi is not identically zero) . The curva- 
ture this Hermitian structure is given by 

V^c{L) = ^^5(log(Eil5i|')-^('+')e-^_) 

= q{l + e)y/^ddlog\s\'^ + V^ddi; 

> q{l + e)^/^^^log\s\'^. 
So far we have checked that all of the conditions assumed in corollary 5.5 are 
fulfilled by the Hermitian structures on E,L and s G T{E*) as constructed 
above. Hence the desired solvabihty and estimate in this case follow from 
corollary 5.5. 

Step 2. Now we proceed to prove the general case where is only assumed 
to be plurisubharmonic on ft. 

Let Hi (E • • • be a pseudoconvex exhaustion of Q, and let ipe G 

PSH(J7^) n C°°{ne) for ^ > 1 such that 

V'^ \ ■i/' as £ Z' oo on every Qj. 

Fix some j > 1, without loss of generality, we could assume G PSH(J7j) fl 
C°°{^lj),£ > 1. Since ipe > ip holds on Qj, we get 

Iqj |/Pbr^(«+«"+^)e-^^dy < |/|2|5|-2{9+9^+i)e-V'dF < +00 

which implies (by the result proved in step 1) that there exists a holomorphic 
hje G Al^ (APC>®^ + q{l + e)log {gl"^) such that 
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dphji = f \a. 

and 

< l±i J^^ \f\2^g\-2{q+qs+l)^-^edV 

< |J|2|^|-2{g+q£+l)g-V^y_ 

By the above estimate, we know {hji} is bounded in Aq^ [A^O®^, ipi + q{l + 
e) log \g\). Consequently we can find a weak limit hj of {hji} as £ — >■ oo in 
Al.{APO^\^, + q{l + £)\og\g\). 
It is easy to see that 

dphj = / 

and 

In |/ijf br^^^^+'^e-'^irfF < lim Jo \hje\^\g\-^i^^+'h-^^dV 

^ e^oo ^ 

From the resulting estimate on hj, we can repeat the same argument of 
taking a weak limit of {hj} when j ^ oo and then use the standard Cantor 
diagonalization process to show the existence of the desired section h, it 
finishes our proof of corollary 5.7. 

□ 

The special case of p = 1 in corollary 5.7 is Skoda's division theorem. 

Corollary5.8. Suppose is a pseudoconvex domain in C",^ G PSH(il), 
gi' " ,gr £ C>(r2), and £ > is a constant, then for every / G A'^{ip + {q + 
qe + 1) log \g\'^), there exist holomorphic functions hi, - ■ ■ ,hr E ^^(^ + ^(1 + 
e) log Igl^) such that / = Yli gihi and 

I |/i|2|5|-25a+^)e-^dF< / |/|2|5|-%+<?-+i)e-'^dK (61) 

Jo, ^ Jn 

wherelgf = J2i \gif > 1^1^ = J2i , Q = min{n, r - 1} . 

We end up this section by giving a sufficient condition which is deduced from 
Skoda's division theorem by purely algebraic argument. 

Let Q be a domain in C", and $ be a x p matrix of holomorphic functions 
on 0,p > q. We denote by 6i-^...i^ the q x q minors of i.e. 
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/ $in ••• ^lia \ 



^il—iq 



det 



J 



where 1 < ii < ^2 < ■ ■ ■ < ^ J*- There are (^) distinct minors of order q. 



Propsition5.9. Let ^ G PSH(r2), / G 0^(0), if f2 is pseudoconvex and there 
exists a constant a > 1 such that 



/ 



ii<---<iq 



re-'^dF < +00, 



(62) 



where /3 = min{n, (^) — 1} • a + 1. Then there is at least one h G 0^(0) 
which solves the equations $/i = /. 

Proof. Let /i , • • • , /g be the components of /, since for each \ < v < qwe 
have 



^ i E \Sn-iqn 

i\<---<iq 



re-^dV < f, 



Iff 



^ ( E l<5n-i,P) 

l<---<tq 



je-^dV < +00, 



there exists, by Skoda's theorem(i.e. corollary 5.8), a system of functions 
Ui^-iq,v^ C'^(^^)) ^ < h < h < ■ ■ ■ < iq < such that 

fv— X/ ^h---iq'^h---iq,V 

ii<—<iq 



Set 



/ Uij^-iq,l \ 



\ '^ii-iq,q / 

then the above equality could be rewritten as 

/= E 



(63) 



ll<---<i5 



For fixed 1 < ii < 12 < ■ ■ ■ < iq < p, we consider the p hy p matrix $ 
whose entries are defined by 



ll---lq 
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^ij, if 1 < « < 

1, if q + l<i<p,j=ji-q; (64) 

0, otherwise, 



where 1 < ii < ^2 < • • • < jp-q < P are the indices complementary to 

1 < il < 12 < ■ ■ ■ < iq < P- 

It follows from the above definition of ^ii - jq that 

det$,,..,,=sgn(^ v^ ^+^;.-^ (65) 

We define Uii-.j, G 0^(0), 1 < n < ^2 < • • • < ■ig < by 

^n-.. = ( ) , (66) 



where Vi^...i^ G '^(^) could be an arbitrary section. 

By using Ui^...i we introduce an element of 0^(0,) as follows 



hn-iq = K-iqUn...iq (67) 



for 1 < il < 12 <■■■< iq < p. In the definition (67), is the adjoint 

matrix of ^>j^...ig. 

Multiplying (67) by the matrix then the identity (65) gives 

^h-iqhn...i„ = detail. ..j-Uii-.i 



, I- ■ ■ q q + l- ■ -p 

Jl jp—g 



By definition (64) we know 



^ll---lq'Hl---lq — I 



SO comparing the first q rows in the above equality and (66) shows that 

^hi^-iq = sgn( l'""^ ^.^ ^ )<Jn-i,'"ii-i,- (68) 

'1 ■ ■ ■ Jl ■ ■ ■ Jp—q 

Now by using hi^...i^ G ©^(ri) given in (67), we set 

/i= E sgn( )hi,...i,, 

ii<-<iq *1 ''9 Jp-g 
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then from (63) and (68) we obtain 



= sgn( . . )^hi^...i^ 

1l ' ' ' tq Jl ' ' ' Jp—q 
(68) (63) 



il<---<iq 

which completes the proof. 



□ 



Remark. In [KT71], a similar condition was used to characterize the mem- 
bership for the elements of finitely generated submodules of A®™. 
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